Upper bounds on the spectral radius of book-free and/or K2,l-free graphs  by Shi, Lingsheng & Song, Zhipeng
Linear Algebra and its Applications 420 (2007) 526–529
www.elsevier.com/locate/laa
Upper bounds on the spectral radius of book-free
and/or K2,l-free graphs
Lingsheng Shi ∗, Zhipeng Song
Department of Mathematical Sciences, Tsinghua University, Beijing 100084, China
Received 10 July 2006; accepted 14 August 2006
Available online 28 September 2006
Submitted by R.A. Brualdi
Abstract
The spectral radius ρ(G) of a graph G is the largest eigenvalue of its adjacency matrix. Let Bk denote a
book with k pages. In this paper, we generalize a result of Lu et al. [M. Lu, H. Liu, F. Tian, A new upper bound
for the spectral radius of graphs with girth at least 5, Linear Algebra Appl. 414 (2006) 512–516] on the upper
bound for the spectral radius of connected graphs with girth at least 5 to connected {Bk+1,K2,l+1}-free
graphs G of order n with maximum degree  as follows:
ρ(G) 
[
k − l +
√
(k − l)2 + 4+ 4l(n − 1)
]/
2
with equality if and only if G is a strongly regular graph with parameters (, k, l). This implies sharp upper
bounds for book-free or K2,l-free graphs.
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1. Introduction
In this paper, all graphs are finite undirected simple graphs without loops and multiple edges. Let
G = (V ,E)be a graph of ordern. Forv ∈ V , the neighborhoodN(v)ofv is the set of vertices adja-
cent to v. The degree of v is d(v) = |N(v)|. The minimum degree of G is δ(G) := min{d(v)|v ∈
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V }, the maximum degree of G is (G) := max{d(v)|v ∈ V }. The minimum length of a cycle in
G is the girth g(G) of G. If all the vertices of G have the same degree k, then G is k-regular.
A k-regular graph is called strongly regular with parameters (k, a, c) whenever each pair of
adjacent vertices have a  0 common neighbors, and each pair of non-adjacent vertices have c  1
common neighbors. Let V = {v1, v2, . . . , vn} and let A(G) = (aij )n×n be the adjacency matrix
of G with aij = 1 if vi is adjacent to vj , and aij = 0 otherwise. It follows immediately that if G
is a simple graph, then A(G) is a symmetric 0–1 matrix in which every diagonal entry is zero.
Since A(G) is real and symmetric, its eigenvalues are all real. The spectral radius of G, denoted
by ρ(G), is the largest eigenvalue of A(G). Note that if G is connected then A(G) is irreducible,
and so by the Perron–Frobenius theory of non-negative matrices, ρ(G) has multiplicity one and
there exists a unique positive unit eigenvector (also called Perron-eigenvector) corresponding to
ρ(G).
Many upper bounds on ρ(G) have been obtained up to now (see [1–8] for example). Here we
list some of them in terms of the order, size and degrees of G.
• Cao [2]: Let G be a connected graph with n vertices, m edges and minimum and maximum
degrees δ and  respectively. Then
ρ(G) 
√
2m − (n − 1)δ + (δ − 1) (1)
with equality if and only if G is either a regular graph or a star.
• Hong et al. [3]: Let G be a connected graph with n vertices, m edges and minimum degree δ.
Then
ρ(G) 
[
δ − 1 +
√
(δ + 1)2 + 4(2m − δn)
]/
2 (2)
with equality if and only if G is either a regular graph or a bidegreed graph in which each
vertex is of degree δ or n − 1.
• Lu et al. [4]: Let G be a connected graph of order n with girth at least 5 and maximum degree
. Then
ρ(G) 
(
−1 + √4n + 4− 3
)/
2. (3)
Note that the case of equality stated in [4, Theorem A] is incorrect. Let Bn denote a book with
n pages consisting of n triangles sharing one edge. In this paper, we generalize the result of Lu
et al. [4] to book-free and/or K2,l-free graphs as follows:
Theorem 1. Let 0  k  l   < n and G be a connected {Bk+1,K2,l+1}-free graph of order n
with maximum degree . Then
ρ(G) 
[
k − l +
√
(k − l)2 + 4+ 4l(n − 1)
]/
2 (4)
with equality if and only if G is a strongly regular graph with parameters (, k, l).
Since every graph is obviously K2,+1-free, Theorem 1 readily implies a sharp upper bound for
book-free graphs.
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Corollary 1. Let 0  k <  < n and G be a connected Bk+1-free graph of order n with maximum
degree . Then
ρ(G) 
[
k − +
√
(k − )2 + 4n
]/
2
with equality if and only if G is a strongly regular graph with parameters (, k,).
Since a K2,l-free graph is also Bl-free, Theorem 1 with k = l also implies a sharp upper bound
for K2,l-free graphs.
Corollary 2. Let l ∈ N and G be a connected K2,l+1-free graph of order n with maximum degree
. Then
ρ(G) 
√
ln + − l (5)
with equality if and only if G is a strongly regular graph with parameters (, l, l).
2. Proof of Theorem 1
Let Ai denote the ith row vector of A(= A(G)) and let x = (x1, x2, . . . , xn)T be the Perron-
eigenvector of A corresponding to ρ(G). Then xi > 0 for 1  i  n. Since G is {Bk+1,K2,l+1}-
free, each pair of adjacent vertices have at most k common neighbors and each pair of non-adjacent
vertices have at most l common neighbors. Thus
n∑
i=1
∑
vp,vq∈N(vi)
xpxq  k
n∑
vpvq∈E(G)
xpxq + l
n∑
vpvq /∈E(G)
xpxq. (6)
Now by Rayleigh–Ritz Theorem, we have ρ(Kn) = n − 1  xTA(Kn)x. Thus
ρ(G) = xTAx = 2
∑
vivj∈E(G)
xixj
= xTA(Kn)x − 2
∑
vivj /∈E(G)
xixj  n − 1 − 2
∑
vivj /∈E(G)
xixj .
Hence we obtain that
ρ2(G) = ‖Ax‖2 =
n∑
i=1
(Aix)
2 =
n∑
i=1
⎛
⎝ ∑
vj∈N(vi)
xj
⎞
⎠
2
=
n∑
i=1
dix
2
i + 2
n∑
i=1
∑
vp,vq∈N(vi)
xpxq
 + 2k
n∑
vpvq∈E(G)
xpxq + 2l
n∑
vpvq /∈E(G)
xpxq (7)
 + kρ(G) + l(n − 1 − ρ(G)).
Solving the inequality gives the upper bound (4).
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If the upper bound of (4) is attained then all inequalities in the above argument must be
equalities. In particular, from (6) and xi > 0 for 1  i  n, we have that each pair of adjacent
vertices in G have exactly k common neighbors and each pair of non-adjacent vertices in G have
exactly l common neighbors. Moreover, by (7), G must be -regular. Thus G must be a strongly
regular graph with parameters (, k, l). Conversely, assume that G is a strongly regular graph
with parameters (, k, l). Fix a vertex v ∈ V (G) and let b count the number of edges between
N(v) and V (G) \ (N(v) ∪ {v}). Then b = (− k − 1) = l(n − 1 − ). Thus
ρ(G) =  =
[
k − l +
√
(k − l)2 + 4+ 4l(n − 1)
]/
2. 
We conclude with some remarks.
• Setting k = 0 and l = 1 in Theorem 1, we obtain the upper bound (3) of Lu et al. [4] with
equality if and only if G is either of order 1 or 2, or one of the Moore graphs (including the
pentagon, the Peterson graph, the Hoffman–Singleton graph and an unknown graph of order
572 + 1).
• It is easy to see that our bounds (4) and (5) are better than the bounds (1) and (2) if m 
(l + δ)n/2 with fixed l and δ.
• It is also easy to check that the upper bound in Corollary 1 is better than the bounds (1) and
(2) for dense book-free graphs, say when m > (3 − √5)n2/4 with fixed k and δ.
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